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Abstract. Let A be a complex projective variety of dimension n, D a reduced divi- 
sor with a decomposition D = Dj, where the Di's are reduced Cartier but not 
necessarily irreducible. The pair (A, D) is called Brody hyperbolic, respectively Mori 
hyperbolic, with respect to the decomposition if neither X\D nor {C\ ie [Di) \ (Uj^jDj) 
contains a non constant holomorphic image, respectively algebraic image, of C for every 
partition of {1, . . . , r} = 7]J J. Assuming that the singularities of the pair (A, D) are 
mildly singular, we show that the log canonical divisor Kx+D is numerically effective in 
the case of Mori hyperbolicity and that Kx + D is ample provided that either n < 4 and 
D is non-empty or at least n — 2 of the ZVs are ample in the case of Brody hyperbolicity. 



1. Introduction 



Various notions of hyperbolicity have played important guiding roles in geometry and 
analysis throughout the centuries. In complex geometry, an intrinsic notion via the 
non-degeneracy of a holomorphically invariant pseudo-distance was formulated by S. 

m ■ 

t^. " Kobayashi from which arose one of his first problems, which demands that the canonical 

bundle of a compact complex manifold be ample provided that the manifold is hyperbolic, 
see JBj. This problem remains open in dimension two and, in the projective category, in 
dimension three and above. In the compact complex category, a well known criterion of 
Brody characterizes hyperbolicity by the absence of non-constant holomorphic images of 
C (Brody hyperbolicity) and is the most natural notion in our context, see [HI Chap. 3]. 
From this, an intimately related problem comes to the fore, which demands the numer- 
ical effectiveness (nefness) of the canonical bundle of a complex projective manifold in 
the absence of rational curves. This problem was completely solved by Mori's bend and 
break theorem. We are motivated by these same problems generalized to the category of 
of singular projective pairs. 

We now provide a quick complex hyperbolic geometric perspective to our problem, 
and to its formulation, via the conjecturally equivalent notions (again by S. Kobayashi, 
see [HI Chap. 4] and |H Chap. 9]) of measure hyperbolicity and volume hyperbolicity 
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with some modern ingredients thrown in. Without going into their definitions, the key 
point is that, for a complex space, it is measure hyperbolic if it is hyperbolic while it is 
projective and volume hyperbolic only if it is of general type (op. cit.). Thus modulo the 
(known) facts about the canonical model of a projective variety of general type, whose 
existence we assume, the equivalence of these notions would give an affirmation of our 
problem above. In the case of a pair (X, D), where X is projective and D is a divisor on 
X, the natural notion of hyperbolicity would be that of hyperbolic embedding of X \ D 
in X. The condition implies that X \ D is hyperbolic. When D is a sum of Cartier 
divisors D = YH=i Brody criterion says that this hyperbolic embedding is guaranteed 
by (what we call) stratified hyperbolicity: that is the Brody hyperbolicity of X \ D and 
that of (fljg/A) \ (Uj^jDj) for every partition of {1, . . . , r} = / ]J J. Thus modulo the 
equivalence of measure hyperbolicity and being of log general type for X \ D, and in a 
setting such that K x + D can be used to define X \ D to be of log general type, stratified 
hyperbolicity of (X, D) would imply the ampleness of K x + D by the same token. 

Results: We work over the field C of complex numbers. A Zariski closed subset X in an 
algebraic or analytic variety is Brody hyperbolic = BH (resp. algebraic Brody hyperbolic 
= ABH, Mori hyperbolic = MH) if the following hypothesis (BH) (resp. (ABH), (MH)) 
is satisfied: 

(BH) Every holomorphic map from the complex line C to X is a constant map. 
(ABH) No curve in X has normalization equal to an elliptic curve, P 1 , C or C* := C\ {0}. 
(MH) No curve in X has normalization equal to P 1 or C. 

Clearly, (BH) (ABH) (MH). 

Consider a pair (X, D) of a variety X and a reduced Weil divisor D on X. The pair is 
called projective if X is a projective variety and smooth projective if further X is smooth 
and D is of simple normal crossings. 

When X is an irreducible curve and D a finite subset of X, the pair (X, D) is Brody 
hyperbolic (resp. ABH, MH) if X \ D is Brody hyperbolic (resp. ABH, MH). Inductively, 
for an irreducible normal variety X and a reduced Weil divisor D of X, the pair (X, D) 
is Brody hyperbolic (resp. ABH, MH) if X \ D and all pairs (D k , (D — D k )\ Dk ), with D k 
an irreducible component of D, are so. 

Here, it is quite natural to assume that all the D k s are Cartier or at least Q-Cartier 
from the perspective of hyperbolic geometry. 

The pair (X, D) is called BH, ABH or MH with respect to a {Cartier) decomposition 
of D = Yli=i Di, if each Di is a reduced (Cartier) divisor, not necessarily irreducible, and 
both X\D and (n ieI Di) \ (\Jj eJ Dj) are respectively BH, ABH or MH for every partition 
of {1, . . . , r} = / ]J J. If this is so with respect to a Cartier decomposition, we will call 
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the respective notions of hyperbolicity stratified. Note that a Cartier decomposition of D 
implies that D is Cartier and that the respective hyperbolicities for a smooth pair (X, D) 
are equivalent to the same with respect to the irreducible Cartier decomposition of D. 

In this paper, by hyperbolic, we mean Brody hyperbolic. 

We consider the following conjecture: 

Conjecture 1.1. Let (X, D) be a smooth projective Mori hyperbolic (resp. Brody hyperbolic) 
pair. Then the log canonical divisor Kx + D is numerically effective (resp. ample). 

Our main theorems below give an affirmative answer to Conjecture 11.11 generalized to 
singular pairg§ assuming further conditions for the ampleness of Kx + D, such as the 
ampleness of at least n — 2 (n := dimX) irreducible Cartier components of D. 

Theorem 1.2. Let (X, D) be a projective Brody hyperbolic pair with n := dimX, and T 

an effective Weil Q- divisor on X such that the pair (X, D + T) is divisorial log terminal 
(dlt). Assume one of the following three conditions. 

(1) n < 2. 

(2) n = 3; D is non-empty and Cartier. 

(3) (X, D) is a smooth projective pair; D has at least n — 2 irreducible components 
amongst which at least n — 3 are ample. 

Then Kx + D + T is ample. 

One may take T = in all Theorems 11.21 ^ 1 1.41 However, in the inductive procedure 
of our proof, such a T naturally appears as the 'different' in the adjunction formula (see 
[H Proposition 3.9.2], or Lemma [2.21 below). 

Theorem 1.3. Let (X, D) be a projective Mori hyperbolic pair with respect to a Cartier 
decomposition D = YH=i^i f or some r > 0. Let T be an effective Weil Q-divisor on 
X such that the pair (X,D + T) is divisorial log terminal (dlt). Then Kx + D + T is 
numerically effective. 

In particular, Kx + D is numerically effective for a smooth Mori hyperbolic pair (X, D). 

By virtue of Theorem 11.31 a positive answer to the abundance conjecture (not known 
in dimension > 4) would imply, by induction on the dimension, that the Kx + D in 
Conjecture II. II in the case of Mori hyperbolicity is either a nef and big divisor, or trivial. 

1 Here by a singular pair, we will assume that it is a dlt pair (see §2 below). The assumption is 
natural (and in many respect the most general) as our proof is by induction on dimension from running 
the LMMP for singular pairs. It implies an explicit adjunction formula (Lemma 2.2) and that fc-fold 
intersections of components of D are of pure codimension-A; in X , crucial in our inductive procedure. 
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Theorem 1.4. Let (X, D) be a projective Brody hyperbolic pair with respect to a Cartier 
decomposition D = Yli=i for some r > n — 2, n := dimX. Let V be an effective Weil 
Q-divisor on X such that the pair (X, D + T) is divisorial log terminal (dlt). Assume one 
of the following two conditions: 

(1) n = 4; r > 2; D\ is irreducible and ample. 

(2) n > 4; r > n — 2; Dj is ample for all j < n — 2. 

Then Kx + D + T is ample. 

Remark 1.5. (1) The proofs of the above theorems are independent of the results of 
Keel-McKernan [5] and of Miyanishi-Tsunoda [TO] , which are only used in the proof of 
Proposition 13.61 

(2) If we remove the condition D ^ in Theorem 11.2( 2) then the proof shows that 
either Kx is ample or Kx ~q 0. In the latter case, if X is further assumed to be smooth, 
the Bogomolov decomposition and the fact that a finite cover of X is still hyperbolic 
imply that there is a finite etale cover X' — > X such that X' is a Calabi-Yau manifold of 
dimension three in the narrow sense: X' is simply connected and Kx 1 ~ 0. 

(3) It is a long standing question whether there exist rational or elliptic curves on a 
Calabi-Yau manifold, known to exist in dimension two [TT], but unknown in dimension 
three or higher. If exist in dimension three, it would allow us to remove the condition 
D 7^ in Theorem II. 21 (2). at least for smooth threefolds, and also weaken the conditions 
in Theorem 11.2( 3). 

(4) Our search for a natural setting for the problems in the singular setting seems to 
lead us to more questions than answers, even for surfaces. For example, from the proof of 
Proposition [23] arise the spectre of the existence of Mori hyperbolic dlt surface pair whose 
log canonical divisor is not numerically effective. The inductive nature of our proof shows 
that many of these questions have their roots in dimension two. Our results appears to 
be new even for smooth surface pairs. 

Concerning our proof in the presence of Cartier boundary divisors, a key role is played 
by Kawamata's result on the length of extremal rays, see Lemma 13.11 Our proofs of 
Theorems 11.21 ^ 1 1.41 are inductive in nature and reduce the problem to weaker questions 
about the pseudo-effectivity or the nefness of adjoint divisors of subvarieties of X. The 
log minimal model program (LMMP) is run formally without going into its technical 
details and the established abundance theorem in dimension < 3 is also used. 

Acknowledgement: The first author would like to acknowledge his support from 
an NSERC discovery grant. This paper is done during the visits of the second author 
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2. Preliminaries 

2.1. The basics of the Minimal Model Program (MMP) as found in [8], whose notation 
we adopt, will be used freely and often implicitly. By a divisor on a normal variety X, we 
will always mean a Weyl Q-divisor. However, a Cartier divisor will remain integral. Let 
L be a Q-Cartier divisor on a projective variety X. L is pseudo-effective if its class in the 
Neron-Severi space NSr(X) := NS(X) ® K is in the closure of the cone generated by the 
classes of effective divisors in NSr(X). L is numerically effective (or nef) if deg(L\c) > 
for every curve C on X. 

Let T = Y7i=i a i^i be a divisor on X with Yi distinct irreducible divisors and a« G Q. 
Its integral part is given by |_rj := X^I=i L a iJ -^i where \_ai\ is the integral part of the 
rational number aj. We say that V is fractional if Oj G (0, 1) for all i. 

Recall that a pair (X, A) of a divisor A on a normal variety X is called divisorial log 
terminal = dlt (resp. Kawamata log terminal = kit, or log canonical = Ic) if for some log 
resolution (resp. for one (or equivalently for all) log resolution), the discrepancy of every 
exceptional divisor (resp. of every divisor) on the resolution satisfies > —1 (resp. > — 1, 
or > — 1). In all cases, K x + A is Q-Cartier. When (X, A) is dlt, the integral part [AJ 
is normal crossing in codimension-one. A dlt pair (X, A) is kit if and only if |_AJ = 0. 
In case dimX = 2, if (X, A) is dlt, then X is Q-factorial (so that all Weyl divisors are 
Q-Cartier). We refer to [SJ Definition 2.34] and [21 §3] for details. 

The following adjunction formula as given, for example, by [1, Proposition 3.9.2] is 
crucial in our induction process to reduce the problem to lower dimensions. 

Lemma 2.2. Let X be a normal variety, D a reduced Weil divisor and Y > 0. Suppose 
that (X, D + T) is dlt and Di C D is an irreducible component. Then Di is a normal 
variety and we can write 

(K x + D + T) ]Dl = K Dl + (D — D 1 ) ]Dl + A 

such that A is an effective Weil divisor, (D — Di)\d 1 is a reduced Weil divisor and the 
pair (Di, (D — -Di)|Di + A) is dlt. 

The following result yield the start of one of our key induction processes. 

Proposition 2.3. Let (X, D) be a projective Brody hyperbolic pair with n := dimX < 2 
and T an effective Weil Q-divisor such that the pair (X, D + T) is dlt. Then Kx + D + T 
is an ample divisor. 
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Proof. When dimX = 1, it is clear. Assume that dimX = 2. Since (X, D + T) is dlt, X 
is Q-factorial (see [HI Proposition 4.11]). 

Assume that Kx + D + V is not nef. By the cone theorem [51 Theorem 3.4.7], there is 
an extremal rational curve and let £ : X — > Z be the corresponding contraction with F 
a general fibre. Then £ is either a Fano or divisorial contraction. 

Consider the case that £ is a Fano contraction. Then — (Kx + D + T)\p is ample. Using 
this fact, we will reach a contradiction. Indeed, if dimZ > 1 (resp. dimZ = and 
D / 0), we get a contradiction to the ampleness of (Kx + D)\f = Kp + D\ F ( resp. of 
(Kx + D + T)| G = K G + (D — G)\c + A with A > 0, and G an irreducible component 
of D ) by the adjunction formula of Lemma 12.21 and since the proposition is true in 
dimension one. When dimZ = and D = 0, the ampleness of —(Kx + T) implies that 
X is uniruled, contradicting the hyperbolicity of X — X \ D. Hence £ : X — > Z is not a 
Fano contraction. 

Consider the case that £ is a divisorial (i.e., birational) contraction. Since (X, D) is lc, 
so is (Z,^D). If the rational curve £ is contained in a component of D, written i C D 
by abuse of notation, it would be normal and meet the other components of D at two 
or less points; if £ D, then either £ is nodal and disjoint from D, or £ is a smooth 
rational curve and would meet D at two or less points (otherwise, the image £(£) would 
be a point on Z through which there are at least three local irreducible components of 
£*D, contradicting the log canonicity of the pair (Z, £*D); see 0, Theorem 4.7], or [3, 
page 57-58]). This contradicts the hyperbolicity of (X, D). 

Therefore, Kx + D + V is nef. By the abundance theorem in dimension < 3 (see [5J 
§3.13]), there is a morphism a : X — > Y with a connected general fibre F, and an ample 
divisor H on Y such that ETx + D + T = a*H. Suppose the contrary that Kx + D + T is 
not ample (and we will get a contradiction). If dimF = 1, then (K x + D + T)\ F ~q 0, 
contradicting the hyperbolicity of (F, D\p), since our proposition is true in dimension one. 

Consider the case that dimy = 2, i.e., a is biratonal and contracts at least one curve 
L As K x + D + T = a*(K Y + a*(D + T)), the pair (Y, a*(D + T)) is still lc and so £ 
is either a rational curve or an arithmetic-genus one curve. If £ is a rational curve then 
we argue as in the non-nef case above to give a contradiction to hyperbolicity. If it is an 
arithmetic genus one curve, then the log canonicity implies that either it is a connected 
component of D or it is disjoint from D (see [H Theorem 4.7], or [TJ page 57-58]). This 
contradicts the hyperbolicity of (X, D). 

We still have to consider the case dimF = 0, i.e., K x + D + T ~q 0. If G is an 
irreducible component of D, then (Kx + D + T)\c ~q gives a contradiction to the 
ampleness result of the curve case, as in the Fano contraction case above. 
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Thus, we may assume that D = and Kx + T ~q 0. If V ^ 0, then X is uniruled, 
contradicting the hyperbolicity of X — X \ D. Suppose that T = so that K x ~q 0. 
Let X' X be the global index-one cover (unramified in codimension-one) so that 
Kx' ~ and X' has at worst canonical singularities. Hence the minimal resolution of 
X' satisfies Kx> ~q 0. By the classification of surfaces and noting that a K3 surface has 
infinitely many singular elliptic curves (see [H]), we see that X is non- hyperbolic. This 
is a contradiction. Therefore, we have proved that Kx + D + T is ample. This proves 
Proposition 12.31 □ 

Lemma 2.4. Let n > 2. Assume that Theorems II .21 ^ n~4l are true under the condition 
0/ 11.2( 3) (resp. 11.31 or 11.4( 2)) for all pairs of dimension n. Let (X, D + T) be a pair as 
in Theorem \1.2{ 3) (resp. 11.31 or 11.4( 2)) but with dimX — n + 1. Let Y be an irreducible 
component of D + [TJ . Then (Kx + D + r)|y is a ne/ (resp. ample) divisor on Y in the 
case of Theorem \l.'d\ (resp. in the case of Theorem 11.2( 3) and \\A[ 2)). 

Proof. By the adjunction formula of Lemma [2.21 

(K x + D + r), y = Ky + (D + Lrj - Y)\ Y + A, 

where A > and the pair (Y, Dy + Ty) is dlt. Here if the hyperbolicity is with respect 
to a Cartier decomposition D = Yli=i^ii we define D Y := (X^fcA)|y and Y Y := 
(D k -Y + [rj)|y + A when Y C D k (resp. D Y := £>|y and Ty := ([rj - F)|y + A 
when 1" C |_r J ) . Otherwise, we define Dy '■= (D — Y)\ Y and Ty := |_rjiy + A when 
Y C D k (resp. Dy := D, y and Ly := ( [T\ - Y)\ Y + A when Y C |_rj ) . Note that the 
pair (Y, Dy) still satisfies the respective conditions in Theorems 11.2( 3). 11.31 and 11.4( 2). 
by an easy check. Now the result follows from the assumption. □ 

The result below follows from Proposition 12.31 and the proof of Lemma 12.41 

Corollary 2.5. Let (X,D) be a projective Brody hyperbolic pair with n := dimX < 3 
and r > a Weil Q-divisor such that the pair (X, D + T) is dlt. Then the restriction 
(Kx + D + r)|c is an ample divisor on G for every irreducible component G of D + |_rj . 

Remark 2.6. From the proof of Proposition 12.31 if we weaken BH to ABH in the as- 
sumption, then either Kx + D + T is ample, or D = T = and X is a kit surface with 
Kx ~<q which implies that X is a simple abelian surface since X is ABH. 

3. Proofs of Theorems 

In this section, we prove Theorems 11.21 ^ 1 1.41 
Kawamata's result below is very powerful for our proof. 



8 



STEVEN S. Y. LU AND DE-QI ZHANG 



Lemma 3.1. (see [H Theorem 1]) Let (X, A) be a dlt pair and g : X —tY the contraction 
of a (Kx + A) -negative extremal ray R = M> >0 [£]. Let E be an irreducible component of 
the g-exceptional locus, i.e., the set of points along which g is not isomorphism. Set 
d := dimi? — dim g(E). Then E is covered by a family of rational curves {£t} such that 
g(£t) is a point and —£ t .(Kx + A) < 2d. The equality holds only when (X, A) is non-kit 
or g is a Fano contraction. 

Proof. If (X, A) is kit, then the lemma is just [U Theorem 1]. When (X, A) is dlt, by [HI 
Proposition 2.43], for any ample divisor H on X, there is a constant c > (depending on 
H) such that for every < e « 1, one can find a divisor A' on X with A' ~q A + ecH 
and (X, A') kit. We choose e small enough such that i is still (Kx + A')-negative. Now 
[4J applies and E is covered by g-contractible rational curves 1% with —£f.(K x + A') < 2d. 
Let e — > 0. The lemma follows. □ 

3.2. Proof of Theorem Q 

Let (X, D + T) be as in Theorem 11.31 so (X, D) is Mori hyperbolic with respect to a 
Cartier decomposition D = Yli=i for some r > 0. Let n := dimX. The case n — 1 is 
clear. Thus we may assume that n > 2. We proceed by induction on n. We apply the 
LMMP to (X, D + T) (see [21 Theorem 1.1]). 

Suppose on the contrary that Kx + D + T is not nef. Then there is a (Kx + D + T)- 
negative extremal ray R = M>o[^] with £ a rational curve. Let / : X — » Xi be the 
corresponding extremal contraction, and Exc(/) C X the /-exceptional locus, i.e., the 
set of points along which / is not an isomorphism. Let |_rj be the integral part of T. If 
£ C G, an irreducible component of D + [T\ , then > £.{K X + D + T) = £. (K x + D + T)\ G . 
This contradicts the nefness result in lower dimension by the inductive assumption (see 
the proofs of Lemma 12.41 and Corollary 12. 5p . 

Therefore, we may assume that I (jL (D+ |_rj ) for any [£] e R, and hence Ei % (D+ \T\) 
for every irreducible component E^ of Exc(/); this always holds if / is a Fano contraction. 
Since £ £ D, > £.[K X + D + Y) > £.[K X + V). Hence R is also a (K x + r)-negative 
extremal ray, and (X, T) is dlt, see [8j Corollary 2.39] (to be used later). 

Since D is Cartier, D\e ± is an effective Cartier divisor on Ex. If D — or if DC) Ex — 0, 
then Ex — Ex \ D is Mori hyperbolic. This contradicts Lemma [3.11 If f\E x c\D contracts a 
curve, also denoted as £, to a point on Xx, then [£} e R and £ C D, which is a contradiction 
as we have just seen. Thus, f^nD is a finite morphism. Hence 

dim /(Ex) > dim f(E l f] D) = dim Exf) D = dim ^ - 1 

so dim /(Ex) = dimi^ — 1. 
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By Lemma [3. 1[ E\ is covered by /-contractible rational curves £ such that 

-l(K x + F) <2(dimE 1 -dimf(E 1 )) = 2. 

Thus £.(K X + T) > -2. Now > £.{K X + D + Y) > -2 + LB. Hence, if i/ : I -»■ £ 
is the normalization then 2 > = z/*(D^). So, D being Cartier and integral, the 
normalization of i \ D contains C. This contradicts the Mori hyperbolicity of X \ D. 
Hence Theorem 11.31 is true. 

3.3. Proof of Theorems [L2] and OH 

We proceed by induction on n := dimX. If n < 2, the ampleness follows from Propo- 
sition 12.31 Thus we may assume that n > 3. The same argument as in 13.21 proves the 
nefness of K x + D + V for both Theorems 11.21 and 11.41 

Lemma 3.4. K x +D+T is ample when Di is ample and Cartier (this holds when n > 4). 

Proof. Suppose on the contrary that K x + D + V is not ample. Then, by Kleiman's 
ampleness criterion, there is an effective 1-cycle [£} such that £.{K X + D + V) = 0. Since 
there is an ample D\ C D, we can write D = D £ + A e with an ample Q-Cartier divisor 
A e = eiDi + e 2 D for some G (0,1). Now (X, D £ + V) is still dlt (see Corollary 
2.39]). Note that 

= £.{K X + D + T) = 1{K X + D £ + T)+ £.A £ > £.{K X + D £ + T). 

By the cone theorem [2j Theorem 1.1], £ is parallel to £' + £" for some effective 1-cycle 
£' and a (X^ + D £ + T)-negative extremal rational curve £". Note that the nef divisor 
K x + D + T is perpendicular to £ and hence 

= £".{K X + D + T) = £'.{K X + D + T). 

Let g : X — > X 2 be the extremal contraction corresponding to the (K x + D £ + T)- 
negative extremal ray ]R>o [•£"']. If ^" lies in an irreducible component G of D + |_rj , 
then 

= r.(K x + ,0 + 1)= £.{K X + D + Y)\ G 

contradicting the ampleness result in lower dimension by the inductive assumption (see 
the proofs of Lemma [2.41 and Corollary 12. 5p . So we may assume that £" (£_ (D + |_rj ) . 
Hence £" D (D + |_rj ) is a finite set. Thus, no irreducible component E\ of Exc(^) is 
contained in D + [_rj . Since X \ D is hyperbolic, fl D is a non-empty finite set. 

Thus = £".(K X + D + T)> £".(K X + T). Hence R >0 [£" ) is also a (K x + r)-negative 
extremal ray. By the argument in 13.21 and noting that £" D, 

dim g(E 1 ) > dim g(E 1 fl D) = dim^i (ID = dimE x - 1. 
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By Lemma 13.1 [ E\ is covered by rational curves £" with —£" .(Kx + T) < 2(dim£i — 
dim^(Ei)) < 2. Now = £".(K X + D + Y) > -2 + £".D. Thus f .D < 2, and we reach 
a contradiction to the Brody hyperbolicity of X \ D as in 13.21 Therefore, Kx + D + T is 
ample, and the lemma is proved. □ 

By Lemma 13.41 and the assumption of Theorems 11.21 and 11.44 we ma Y assume that 
n = 3, D ytz and D is Cartier. Since we have proved the nefness of Kx + D + T, by 
the abundance theorem for log canonical pairs of dimension < 3 (see [SJ 3.13]), there is a 
fibration h : X — > Z with connected fibres such that 

Kx + D + T = h*H 

for some ample Q-divisor H on Z. Let F be a general fibre of h. 

Case(I) dimZ = 0. Then Kx + D + T ~q 0. Thus for an irreducible component G 
of D, the divisor (i^x + D + r)| G is trivial, contradicting its ampleness by Corollary 12.51 
This is the place we need D ^ 0; see Remark 11.51 

Case(II). < dimZ < dimX. We get a contradiction to the hyperbolicity of the pair 
(F,D\p)- Indeed, note that the adjoint divisor below is numerically trivial 

K F + (D + T)\ F = (K X + D + T)\ F = h*H lF 

since F is a fibre of h, contradicting its ampleness by Proposition 12.31 

Case(III). dimZ = dimX. Then Kx + D + T is nef and big. If h : X — > Z is an 
isomorphism, then we are done. Otherwise, let Exc(h) C X be the exceptional locus of 
h and £ C Exc(/i) a curve contracted by /i. Then = £.h*H = l.(K x + D + T). 

By the argument in Lemma [3.41 (using Corollary 12. 5p . we have £ (jL (D + |_r J ) . Hence 
t H (-D + |_rj ) is a finite set and £.D > 0. Thus, no irreducible component of Exc(/i) is 
contained in D + |_rj . 

Consider the case that £.(K X + T) < for some /i-contractible curve £. Then I is 
parallel to £' + £" for some effective 1-cycle £' and a (i^x + T)-negative extremal rational 
curve £" by Mori's cone theorem (see [H Theorem 3.7] or [21 Theorem 1.1]). Note that 
the nef divisor K x + D + V is perpendicular to £ and hence 

= £".(K X + D + T)= £'.{K X + D + T). 

Thus £" (jL (D + |_rj ) by the same argument as above for £ (for the later use). 

Let h± : X — > Z\ be the contraction of the extremal ray M>o[^"]. Since £".h*H = 
with H ample, every irreducible component E± of the exceptional locus of h\ is a subset 
of Exc(/t) and hence is not contained in D + |_r_|. As in the proofs of Lemma 13.41 and 



POSITIVITY OF LOG CANONICAL DIVISORS AND MORI/BRODY HYPERBOLICITY 



11 



13.21 and using Lemma 13.11 E\ is covered by rational curves £" with —£" .{K x + T) < 
2(dim£ 1 - dim/i^^)) < 2. Now = £".(K X + D + T) > -2 + £".D. Thus £".D < 2 
and we reach a contradiction to the Brody hyperbolicity of X \ D as in 13.21 

Consider the case that £.(K X + T) > for every curve f on I contracted by h. 
Then = £.(K X + D + T) > £.D > 0. So £.(K X + T) = £.D = and £ n D = 0. Thus 
Exc(/i)HL> = 0. When h : X ->• Z is a small contraction, K x +D+r = /i*(K z +/i*(L>+r)). 
This means that a 'good log resolution' for the dlt pair (X, D + T) as in j8J Theorem 
2.44(2)] is also a 'good log resolution' for (Z,h*(D + T)) and hence the latter is also 
dlt. Thus, by the solution of Hacon-McKernan to a conjecture of Shokurov ([31 Corollary 
1.5]), every fibre of h : X — > Z is rationally chain connected. Hence the above £ can be 
chosen to be a rational curve away from D, contradicting the hyperbolicity of X \ D. 

If h contracts a surface S C Exc(h), the fact that SC\D = would imply that S = S\D 
is hyperbolic and hence is not a uniruled surface. This is impossible as shown in Lemma 
13.51 below. 

This proves the ampleness of K x + D + T, modulo Lemma [3.51 below. 

Lemma 3.5. It is impossible that a birational morphism tp : X — >• W of threefolds 
contracts a non-uniruled surface S C X with S (£ (D+ |_rj), such that C.(K X +D+T) < 
for a general curve C on S (resp. a general fibre of tp\s '■ S — > ^(S)) when dim^(S') equals 
(resp. 1). 

Proof. Take a Q-factorization, i.e., a small partial resolution (see [21 Theorem 10.4]) 
o\ : X' — > X such that X' is Q-factorial and 

K x , + D' + T' = a{(K x + D + T), 

where D' := a'D (= cr^D, D being Q-Cartier) and T' := a[T are proper transforms of 
D and T respectively. Suppose the contrary that h contracts the surface S (£ (D + |_rj ) . 
Set 5" := a[S, which is now Q-factorial. Write V := aS' + V for some a G [0, 1) such 
that S' is not a component of T'. Take a dlt blowup (see [21 Theorem 10.4]) 02 : X' — > X 
and let E a2 be the reduced exceptional divisor. We have 

K x „ + D" + T» + S" + E U2 + E" = a*(K x , +D' + f' + S') 

where the pair (X", D" + T" + S" + E a2 ) is Q-factorial dlt with D" := a' 2 D', V" := a' 2 f', 
S" := o~' 2 S', and E" > a ^-exceptional divisor. Let C C S' and C" C 5"' be the strict 
transforms of the general curve C C S (contracted by <p). By the adjunction formula 
(Lemma I2.2[) . (K x » + S")\s» = K S " + A for some A > 0. Since S is non-uniruled, Kg" 
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is pseudo-effective, hence so are {Kx" + S")\S" an d cr^Kx' + D' + P + S')\s»- Thus 

< C".a* 2 {K x > + D' + f' + S') = C'.a\[Kx + D + Pj + (1 - a)C'.S' 
= C.{K X + D + T) + (1 - a)C'.S' < (1 - a)C7'.5'. 

Since the composition X' — > X — > Z is birational and contracts S', one can choose a 
general C" such that C'.S' < by the well-known negativity lemma (reducing to the 
surface case after cutting S' by a general hypersurface). This contradicts the inequalities 
displayed above. This completes the proof of Lemma 13.51 and also Theorems 11.21 and 

El □ 

Proposition 13.61 below is not used in this paper, but is of independent interest. In 
Proposition I3.6[ we do not assume that the pair (X,D) is dlt. 

Proposition 3.6. Let X be a normal projective variety of dimension n = 1 or 2, and 
D a reduced Weil divisor such that Kx + D is Q-Cartier. Suppose that X \ D is ABE. 
Then K x + D is Q-linearly equivalent to an effective divisor, and hence pseudo- effective. 

Proof. The case n = 1 is clear. Consider the case of surface X. Take a dlt blowup (see 
[21 Theorem 10.4]) a : X' — > X and let E a be the reduced exceptional divisor. We have 

Kx> + B + E = a*(K x + D), 

where the pair (X', B) is Q-factorial dlt with B := a'D + E a a reduced divisor and E > 
a cr-exceptional divisor. Note that X' \ B is an open subset of X \ D, hence hyperbolic, 
and cr*(Kx' + B) = Kx + D. Thus replacing (X, D) by (X',B) we may assume that 
(X, D) is already dlt. 

Now, as in [HJ Theorem 3.4.7], we run the LMMP for (X,D) and get a composition 
r : X — >■ X" of birational contractions of (Kx + -D)-negative extremal rays such that 

Kx + D = T*(K X »+D") + E" 

with D" := t*D, (X", D") dlt (and hence X" kit), and E" > a r-exceptional divisor; 
see [SI Lemma 3.38]. We show that K x + D is pseudo-effective so that it is Q-linearly 
equivalent to an effective divisor by the abundance theorem in dimension < 3 (see 
§3.13]). 

Suppose the contrary that Kx + D is not pseudo-effective. Then we may assume that 
there is an extremal Fano contraction X" — > Z with a general fibre G. We will reach a 
contradiction with the hyperbolicity of X \ D. 

If dimZ = 1, then G = P 1 . Since (K x » + D").G < 0, we have D".G < 1. Hence the 
open subset G \ D" of X \D, with G chosen to avoid the set S of fundamental points 
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of t~ 1 , would contain C, a contradiction. Thus, dimZ = 0. Then the Picard number 
p(X") = 1 and -(K x » + D") is ample. 

Case(A). D" = 0. Then D C X is contractible to kit singularities on the kit surface 
X" . By (5] Theorem 1.3], X" \ X C X \ D is dominated by a family of images of C, 
contradicting the hyperbolicity of X \ D. Note that in this case, the original D on the 
original surface X is also contractible and is a disjoint union of rational trees, and so the 
pair (X, D) cannot be hyperbolic. 

Case(B). D" ^ 0. By Miyanishi-Tsunoda [10] , X" \ D" either contains an affine-ruling 
or a platonic C*-fibration, with a general fibre F. Choose F to avoid the set E. Then 
F C X"\(D"WE) C X\D contains C*, contradicting the hyperbolicity of X\D. Instead 
of [TU], one may also apply Theorem 1.3] in this case. □ 

Remark 3.7. If the pair (X, D) in Proposition 13.61 is also dlt and Kx + D is not big, then 
Kx" + t*D ~q in notation of the proof, using the hyperbolicity of a general (curve) 
fibre minus D. 
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